Modular Arithmetic

Odd and even numbers:

How do you determine if an integer is odd or even? 


The remainder when divided by 2 is 1 for odd numbers, 0 for even numbers.


The set of integers can be split into two classes, i.e.


Even (…-6, -4, -2, 0, 2,4,6…)



And 


Odd  (…-5, -3, -1, 0, 1,3,5…)

These are called congruence classes Modulo 2, and every integer falls into one of them.


In the notation of modular arithmetic we say that for an integer n:


n ≡ 0 mod 2


means the remainder when n is divided by 2 is 0  


or

n is congruent to 0 mod 2, (n is in the same congruence class as 0 modulo 2)


n ≡ 1 mod 2

means the remainder when n is divided by 2 is 1.  


or

n is congruent to 1 mod 2, (n is in the same congruence class as 1 modulo 2)

Add an odd number to an even number, is the sum odd or even?

Add an odd number to an odd number, is the sum odd or even?

Add an even number to an even number, is the sum odd or even?

Add an even number to an odd number, is the sum odd or even?


Add
Sum
Sum odd or even?

Odd + Even
50 + 19 =



Odd + Odd
41 + 3=



Even + Even
20 + 8 =



Even + Odd
10 + 3 =



Subtract an odd number from and even number, is the difference odd or even?

Subtract an odd number from and odd number, is the difference odd or even?

Subtract an even number from and even number, is the difference odd or even?

Subtract an even number from and odd number, is the difference odd or even?


Add
Difference
Difference odd or even?

Odd – Even
50 -19 =



Odd – Odd
41 - 3=



Even – Even
20 - 8 =



Even – Odd
10 - 3 =



Substitute a 0 for any member of the congruence class of even integers and a 1 for any member of the congruence class of odd integers.  Repeat the additions and subtractions.

Add
Sum Modulo 2
Sum odd or even?

0 + 1 ≡ 
__ mod 2


1+ 1≡
__ mod 2


0 + 0 ≡
__ mod 2


1 + 0 ≡
__ mod 2


Subtract
Difference Modulo 2
Difference odd or even?

0 – 1 =
__ mod 2


1 – 1=
__ mod 2


0 – 0 =
__ mod 2


1 – 0 =
__ mod 2


These tables express the results for addition, subtraction, and multiplication of any two integers modulo 2 by congruence class.  What can we say about addition and subtraction of two integers modulo 2?

               Addition Modulo 2
                   Subtraction Modulo 2

   Multiplication Modulo 2

+
0
1

-
0
1

X
0
1

0



0



0



1



1



1



Modulo 3

In modulo 3 the division of any integer n by 3 can produce only the remainder 0,1, or 2; the three congurence classes:

n ≡ 0 mod 3

(…,-9, -6, -3, 0, 3, 6, 9,…)

n ≡ 1 mod 3

(…,-8, -5, -2, 1, 4, 7, 10,…)

n ≡ 2 mod 3

(…,-7, -4, -1, 2, 5, 8, 11, …)

              Addition Modulo 3
             Subtraction Modulo 3
 Multiplication Modulo 3





+
0
1
2

-
0
1
2

X
0
1
2

0




0




0




1




1




1




2




2




2





What do all integers within each congruence class have in common?


Are addition and subtraction equivalent modulo 3?

Congruence Modulo m

Two integers a and b are congruent modulo m, where m ≠ 0, if there is an integer k such that a – b = km.  In other words, m is a divisor of  a - b.


For such integers:




a – b ≡ 0 mod m





and




a ≡ b mod m

Modulo 7

In modulo 7 the division of any integer n by 7 can produce the remainders 0, 1, 2, 3, 4, 5, or 6;  the seven congruence classes:

n ≡ 0 mod 7

(…,-21, -14, -7, 0, 7, 14, 21,…)

n ≡ 1 mod 7

(…,-20, -13, -6, 1 , 8, 15, 22,…)

n ≡ 2 mod 7

(…,-19, -12, -5, 2, 9, 16, 23, …)

•



•

•



•

•



•

n ≡ 6 mod 7

(…,-15, -8, -5, 6, 13, 20, 27, …)

Modulo 7 Addition
+
0
1
2
3
4
5
6

0








1








2








3








4








5








6








Modulo 7 Subtraction

-
0
1
2
3
4
5
6

0








1








2








3








4








5








6








 Modulo 7 Multiplication

X
0
1
2
3
4
5
6

0








1








2








3








4








5








6








Application: Days of the Week

Represent the days of the week mod 7 as:

Sunday
Monday
Tuesday
Wednesday
Thursday
Friday
Saturday

0
1
2
3
4
5
6

Looking  Ahead

If today is Tuesday, what day of the week will it be, in 73 days?

Tuesday ≡  2 mod 7,    73 ≡  3 mod 7, so add

2 + 3 ≡ 5 mod 7,

73 days from Tuesday it will be Friday.

Looking Back

If today is Wednesday, what day of the week was it, in 20 days ago?

Wedneday ≡  3 mod 7,    20 ≡  6 mod 7, so subtract



3 - 6 ≡ 4 mod 7,

20 days before Wednesday it was Thursday.

Try some:





1) 26 days from Sunday will be:

2) 9 days from Wednesday will be:

3) 61 days from Saturday will be:

4) 12 days before Sunday was:

5) 18 days before Thursday was:

6) 25 days before Monday was:

For a 12 hour clock:

1) 94 hours from 6 o’clock it will be:

2) 23 hours before 2 o’clock it was:

What else could you apply modulus 12 to?

For a 24 hour clock:

94 hours from 6 o’clock it will be:

23 hours before 2 o’clock it was:

Exploration

Do these properties hold for modular arithmentic? How can we demonstrate this?

Reflexivity: a ≡ a mod m

Symmetry: if a ≡ b mod m,     then b ≡ a mod m

Transitivity: if a ≡ b mod m, and b ≡ c mod m, then a ≡ c mod m

A Computer Science Application

Background

1) Computer languages often provide an instruction to take the modulus of a number.   
2) An array is a list of data items of the same type (integer, single precision, text are some examples of data types).   Each element in an array has an integer index, which is its relative position in the list, starting at 0. The computer refers to each element in an array by its index.

3)  This can be used to simulate dealing cards from a shuffled deck and insure that a card can be dealt only once from the deck. The program uses an array of 52 integers, with indexes numbered from 0 to 51 to represent the cards.  The indexes are assigned to the card as shown in the attached table.

In our program design, we let a value of 0 represent a card that has not yet been dealt, and a 1 represent a card that has been dealt, and therefore no longer available.

Before any cards are dealt, the 52 elements in the array are set = 0.

Index
Status Value
Card Value

0
0
Ace of Diamonds

1
0
2 of Diamonds



2
0
3 of Diamonds

3
0
4 of Diamonds

4
0
5 of Diamonds

5
0
6 of Diamonds

6
0
7 of Diamonds

7
0
8 of Diamonds

8
0
9 of Diamonds

9
0
10 of Diamonds

10
0
Jack of Diamonds

11
0
Queen of Diamonds

12
0
King of Diamonds

13
0
Ace of Clubs

14
0
2 of Clubs



15
0
3 of Clubs

16
0
4 of Clubs

17
0
5 of Clubs

18
0
6 of Clubs

19
0
7 of Clubs

20
0
8 of Clubs

21
0
9 of Clubs

22
0
10 of Clubs

23
0
Jack of Clubs

24
0
Queen of Clubs

25
0
King of Clubs

26
0
Ace of Hearts

27
0
2 of Hearts



28
0
3 of Hearts

29
0
4 of Hearts

30
0
5 of Hearts

31
0
6 of Hearts

32
0
7 of Hearts

33
0
8 of Hearts

34
0
9 of Hearts

35
0
10 of Hearts

36
0
Jack of Hearts

37
0
Queen of Hearts

38
0
King of Hearts

39
0
Ace of Spades

40
0
2 of Spades



41
0
3 of Spades

42
0
4 of Spades

43
0
5 of Spades

44
0
6 of Spades

45
0
7 of Spades

46
0
8 of Spades

47
0
9 of Spades

48
0
10 of Spades

49
0
Jack of Spades

50


0
Queen of Spades

51
0
King of Spades

The algorithm to deal a new card is:
1) Generate a “random” (really pseudo-random) number between 0 and 51. This will be used as the index.

2) Read the value contained by the element at index.

3) If the element at the index = 1, 

                     the card has already been dealt, go back to step 1)

     Else the element at the index = 0,

         the card has not been dealt, determine its identity, give it to the player, and mark 

         it as dealt by changing the 0 to 1.

The algorithm to determine the identity of the card is:
1) Get the value of the index modulus 13.

Index Modulus 13
Card Value

0
Ace





































2) Divide the index by the modulus. The computer will truncate the quotient by chopping off any decimal part, because the index is an integer. Indexes from 0 through 12 divided by 13 will result in 0, indexes from 13 through 25 divided by the modulus will result in 1, etc.  use this information to determine the suit of the card.

Truncated Index/13
Suit

0
Diamond
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